Estimating the Circumference of the Earth – A Tribute to Eratosthenes!

The goal of this activity is to recreate to a certain degree the remarkable estimate of the circumference of the earth done by the Greek mathematician Eratosthenes over two millennia ago.  
We begin by calculating the circumference of a circular object knowing the arc length and central angle cutting off an arc of the object.  For example, suppose you have a circular pizza and cut it radially into slices.  After setting up an appropriate proportion (how many degrees are there in an entire circular pizza?), then determine the circumference of the pizza in each scenario:

	Width of slice

(central angle 
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We will use a similar calculation to estimate the circumference of the earth.  Using the length of the sun’s shadow at high noon (“sun transit”) at two locations, groups will estimate the “sun angle” (the angle between the sun’s rays and a vertical measuring stick) at these two locations.  Knowing the “sun angle” at two different locations a known distance apart will allow us to calculate a central angle and then estimate the circumference of the earth.  
To understand how the “sun angles” can help to measure the earth’s circumference, let’s consider Eratosthenes’ calculations involving the two locations of Alexandria and Syene (modern-day Aswan).  At the latter site, he noticed that the midsummer sun casts no noontime shadow and the sun could be seen at the bottom of a well.  (Syene lies on the Tropic of Cancer, 23.5° above the equator.)  See Figure 1 below.
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Eratosthenes measured the “sun angle” 
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 at Alexandria and concluded that 
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, the central angle between Alexandria and Syene.  Why are these equal?  He then used the known distance between Alexandria and Syene to estimate the Earth’s circumference using proportional analysis.  How would you do this?  See Barnabas Hughes’ article for more information about this.

For our purposes, we will use “sun angles” at two locations where there is a shadow at high noon, as indicated in Figure 2.  Which of our locations is City 1 and which is City 2?  Following the example of Eratosthenes, we will determine the central angle 
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 between these two cities.  
How can you use 
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What is your conjecture about the relationship between these angles? 
Challenge problem: How would you prove this relationship using properties of parallel lines and triangles?    
Once you find the central angle 
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 and you have the north-south distance between the City 1 and City 2, you can set up a proportion to estimate the circumference of the earth.  
What would this proportion look like? Be careful with the units of the proportion!  

Here are a few more details about this activity:

· City 1 and City 2 should have known latitudes (north-south distance) and should yield significantly different sun measurements.  See the next page for the latitudes of City 1 and City 2 and the north-south distance between them.  Enter this information into the table on the next page. 

·  Measurements of the “sun angle” should be taken at high noon local time in both locations.  See the last page for high noon information.
Why do you think that the timing of this experiment is so important?
· When measuring the “sun angle”, be sure NOT to look directly into the sun!  To avoid this, we can take measurements at both locations using a level.  Here are steps to gather the data:

· Lay out some paper flat on the ground and hold the level as vertically as possible on it.  Mark the location of the level on the paper.

· Each group should mark the end of the shadow at high noon on the paper.
How should the shadow length at high noon compare with lengths before then?  After then?

· While one group member holds the level and one end of a piece of string, another extends the string from the top of the level to the end of the shadow, while a third measures (as precisely as possible!) the angle between the string and level with a protractor.

Why does this give the “sun angle”?
· To estimate the “sun angle” in a second way, measure (as precisely as possible!) the lengths of the shadow and level.  Then, later use right triangle trigonometry to estimate the “sun angle”.  Explain in words and with a diagram the steps in your calculations.

· Average your protractor angle and trigonometry angle calculations to yield your group’s final estimate of the “sun angle” for City 1, and enter this into the table on the next page.
· Using the measurements provided for City 2, estimate its “sun angle” and enter this information into the table on the next page.
With your measurements and calculations, you should be able to complete the following table to summarize your work.  Note that the Internet site providing distances between two locations on the globe (see bottom of page) assumes that the earth is a perfect sphere with a radius of 6378.0 km. Use this assumption to compute the actual circumference of the earth and enter this result in the table below.
	Site
	Latitude
	Longitude
	Shadow

length
	“Sun angle”

	Central

angle 
[image: image18.wmf]q


	N-S

distance
	Experimental

Circumference
	Actual

Circumference
	Percentage

error

	City 1


	
	
	
	
	
	
	
	
	

	City 2


	
	
	
	
	
	
	
	
	


Calculations and justifications:
Finding North-South Distances with Latitude and Longitude Information
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The latitudes and longitudes of Champlain College, VT, Newton Public Free Library, MA, and Isaac Shelby Campus of University of Louisville, KY are taken from http://www.lat-long.com/, and their N-S distances are computed at http://jan.ucc.nau.edu/~cvm/latlongdist.html .

[image: image22]
N-S Distance between (44.4744N, 73.2075W) and (42.3364N, 73.2075W) is 237.9960 km;
N-S Distance between (44.4744N, 73.2075W) and (38.2536N, 73.2075W) is 692.4814 km;

N-S Distance between (44.4744N, 73.2075W) and (0.0000N, 73.2075W) is 4950.7612 km 

(for equinox estimates with no equator shadow!)

These calculations assume the earth is a perfect sphere with a radius of 6378.0 km.

Finding Sun Transit Times
Sun-Moon Data for August 6th-August 10th and Latitude-Longitude Information

The following information is provided by the U.S. Naval Observatory (see http://aa.usno.navy.mil/) for                          Burlington, Chittenden County, Vermont (longitude W73.2, latitude N44.5):    

	
	M 6 August 2007
	Tu 7 August 2007
	W 8 August 2007
	Th 9 August 2007
	F  10 August 2007

	SUN
	B civil twilight  5:12 a.m.                 

Sunrise              5:45 a.m.                 

Sun transit      12:59 p.m.                 

Sunset               8:12 p.m.                 

E civil twilight  8:44 p.m.   
	B civil twilight  5:13 a.m.                 

Sunrise              5:46 a.m.                 

Sun transit      12:59 p.m.                 

Sunset               8:11 p.m.                 

E civil twilight  8:43 p.m.      
	B civil twilight  5:15 a.m.                 

Sunrise              5:47 a.m.                 

Sun transit      12:59 p.m.                 

Sunset               8:09 p.m.                 

E. civil twilight 8:41 p.m.    
	B civil twilight  5:16 a.m.                 

Sunrise              5:48 a.m.                 

Sun transit      12:58 p.m.                 

Sunset               8:08 p.m.                 

E civil twilight  8:40 p.m.  
	B civil twilight  5:17 a.m.                 

Sunrise              5:50 a.m.                 

Sun transit      12:58 p.m.                 

Sunset               8:06 p.m.                 

E civil twilight  8:38 p.m.   

	MOON
	Moonrise 11:16 p.m.prev               

Moon transit    7:04 a.m.                 

Moonset         3:06 p.m.                 
Moonrise        11:52 p.m.
Moonset    4:32 p.m. foll
	Moonrise 11:52 p.m.prev                  

Moon transit     8:02 a.m.                 

Moonset           4:23 p.m.                 

Moonrise  12:39 a.m. foll
	Moonset    4:23 p.m. prev

Moonrise        12:39 a.m.                 

Moon transit     9:03 a.m.                 

Moonset           5:31 p.m.                 

Moonrise    1:37 a.m. foll
	Moonset    5:31 p.m. prev
Moonrise          1:37 a.m.                 

Moon transit   10:04 a.m.                 
Moonset           6:26 p.m.
Moonrise    2:46 a.m. foll
	Moonset    6:26 p.m. prev
Moonrise            2:46 a.m.                 

Moon transit     11:03 a.m.                 

Moon set             7:09 p.m.                 

Moonrise      3:59 a.m. foll


The following information is provided for Newton, Middlesex County, Massachusetts 
(longitude W71.2, latitude N42.3): 

	
	M 6 August 2007
	Tu 7 August 2007
	W 8 August 2007
	Th 9 August 2007
	F  10 August 2007

	SUN
	B civil twilight  5:11 a.m.                 

Sunrise              5:42 a.m.                 

Sun transit      12:51 p.m.                 

Sunset               7:59 p.m.                 

E civil twilight  8:30 p.m.   
	B civil twilight  5:12 a.m.                 

Sunrise              5:43 a.m.                 

Sun transit      12:51 p.m.                 

Sunset               7:57 p.m.                 

E civil twilight  8:28 p.m.      
	B civil twilight  5:13 a.m.                 

Sunrise              5:44 a.m.                 

Sun transit      12:50 p.m.                 

Sunset               7:56 p.m.                 

E. civil twilight 8:27 p.m.    
	B civil twilight  5:14 a.m.                 

Sunrise              5:45 a.m.                 

Sun transit      12:50 p.m.                 

Sunset               7:55 p.m.                 

E civil twilight  8:26 p.m.  
	B civil twilight  5:15 a.m.                 

Sunrise              5:46 a.m.                 

Sun transit      12:50 p.m.                 

Sunset               7:53 p.m.                 

E civil twilight  8:24 p.m.   

	MOON
	Moonrise 11:15 p.m.prev               

Moon transit    6:55 a.m.                 

Moonset         2:49 p.m.                 
Moonrise        11:53 p.m.
Moonset    4:04 p.m. foll
	Moonrise 11:53 p.m.prev                  

Moon transit     7:54 a.m.                 

Moonset           4:04 p.m.                 

Moonrise  12:41 a.m. foll
	Moonset    4:04 p.m. prev

Moonrise        12:41 a.m.                 

Moon transit     8:55 a.m.                 

Moonset           5:12 p.m.                 

Moonrise    1:39 a.m. foll
	Moonset    5:12 p.m. prev
Moonrise          1:39 a.m.                 

Moon transit     9:55 a.m.                 
Moonset           6:08 p.m.
Moonrise    2:47 a.m. foll
	Moonset    6:08 p.m. prev
Moonrise            2:47 a.m.                 

Moon transit     10:54 a.m.                 

Moon set             6:52 p.m.                 

Moonrise      3:59 a.m. foll


The following information is provided for Louisville, Jefferson County, Kentucky                                          (longitude W85.6, latitude N38.2): 

	
	M 6 August 2007
	Tu 7 August 2007
	W 8 August 2007
	Th 9 August 2007
	F  10 August 2007

	SUN
	B civil twilight  6:21 a.m.                 

Sunrise              6:50 a.m.                 

Sun transit        1:49 p.m.                 

Sunset               8:48 p.m.                 

E civil twilight  9:17 p.m.   
	B civil twilight  6:22 a.m.                 

Sunrise              6:50 a.m.                 

Sun transit        1:49 p.m.                 

Sunset               8:47 p.m.                 

E civil twilight  9.15 p.m.      
	B civil twilight  6:23 a.m.                 

Sunrise              6:51 a.m.                 

Sun transit        1:49 p.m.                 

Sunset               8:45 p.m.                 

E civil twilight  9.14 p.m    
	B civil twilight  6:24 a.m.                 

Sunrise              6:52 a.m.                 

Sun transit        1:49 p.m.                 

Sunset               8:44 p.m.                 

E civil twilight  9.13 p.m.  
	B civil twilight  6:24 a.m.                 

Sunrise              6:53 a.m.                 

Sun transit        1:48 p.m.                 

Sunset               8:43 p.m.                 

E civil twilight  9.12 p.m

	MOON
	Moonset   2:21 p.m. prev
Moonrise        12:27 a.m.                 

Moon transit    7:56 a.m.                 

Moonset           3:36 p.m.                 

Moonrise   1:48 a.m. foll
	Moonset    3:36 p.m. prev
Moonrise          1:08 a.m.                 

Moon transit     8:54 a.m. 
Moonset           4:48 p.m                

Moonrise   1:58 a.m. foll                 
	Moonset    4:48 p.m. prev

Moonrise          1:58 a.m.                 

Moon transit     9:55 a.m. 
Moonset           5:54 p.m                

Moonrise   2:58 a.m. foll            
	Moonset    5:54 p.m. prev

Moonrise          2:58 a.m.                 

Moon transit   10:56 a.m. 
Moonset           6:51 p.m                

Moonrise   4:04 a.m. foll  
	Moonset    6:51 p.m. prev

Moonrise          4:04 a.m.                 

Moon transit   11:55 a.m. 
Moonset           7:37 p.m                

Moonrise   5:14 a.m. foll


Last quarter Moon on 5 August 2006 at 5:20 p.m. Eastern Daylight Time,

New Moon on 12 August 2007 at 7:02 p.m. Eastern Daylight Time,

Phase of the Moon on 6 August:  waning crescent with 41% of the Moon's visible disk illuminated.
Another North-South Distance with given Latitude and Longitude Information

The latitude and longitude of Lawrence Harbor, Newfoundland is (in degrees, minutes, seconds) 49 25 30 N and 55 11 W and (in decimal degrees) 49.425 and −55.1833.  The N-S distance is computed at http://jan.ucc.nau.edu/~cvm/latlongdist.html .

N-S Distance between (44.4744N, 73.2075W) and (49.425N, 73.2075W) is 551.0864 km;

These calculations assume the earth is a perfect sphere with a radius of 6378.0 km.

The following information is provided by the US Naval Observatory    (see http://aa.usno.navy.mil/)                                      for Lawrence Harbor, Newfoundland (longitude W55.2, latitude N49.4), Universal Time −2.5 h: 

	
	M 6 August 2007
	Tu 7 August 2007
	W 8 August 2007
	Th 9 August 2007
	F  10 August 2007

	SUN
	B civil twilight  5:11 a.m.                 

Sunrise              5:49 a.m.                 

Sun transit        1:17 p.m.                 

Sunset               6:44 p.m.                 

E civil twilight  9:21 p.m.   
	B civil twilight  5:13 a.m.                 

Sunrise              5:50 a.m.                 

Sun transit        1:17 p.m.                 

Sunset               8:42 p.m.                 

E civil twilight  9.19 p.m.      
	B civil twilight 5:15 a.m.                 

Sunrise              5:51 a.m.                 

Sun transit        1:16 p.m.                 

Sunset               8:40 p.m.                 

E civil twilight  9.17 p.m    
	B civil twilight 5:16 a.m.                 

Sunrise              5:53 a.m.                 

Sun transit        1:16 p.m.                 

Sunset               8:39 p.m.                 

E civil twilight  9.15 p.m  
	B civil twilight 5:18 a.m.                 

Sunrise              5:54 a.m.                 

Sun transit        1:16 p.m.                 

Sunset               8:37 p.m.                 

E civil twilight  9.13 p.m

	MOON
	Moonrise   9:14 p.m. prev                 

Moon transit    7:19 a.m.                 

Moonset           3:43 p.m.                 

Moonrise        11:44 p.m.
Moonset   5:04 p.m. foll
	Moonrise 11:44 p.m. prev                 

Moon transit    8:17 a.m.                 

Moonset           5:04 p.m.                 

Moonrise 12:26 a.m. foll
              
	Moonset    5:04 p.m. prev 
Moonrise        12:26 a.m.        

Moon transit     9:18 a.m.                 

Moonset           6:14 p.m.                 

Moonrise   1:23 a.m. foll 
      
	Moonset    6:14 p.m. prev

Moonrise         1:23 a.m.                  

Moon transit   10:19 a.m.                 

Moonset           7:09 p.m.                 

Moonrise  2:33 a.m. foll
	Moonset    7:09 p.m. prev

Moonrise         2:33 a.m.                  

Moon transit    11:18 a.m.                 

Moonset           7:48 p.m.                 

Moonrise  3:51 a.m. foll
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Isaac Shelby Campus University of Louisville is a school in Jefferson County, KY. 


Degrees Minutes Seconds:�Latitude: 381513N�Longitude: 0853458W �
�
Decimal Degrees:�Latitude: 38.25361�Longitude: -85.58278 �
�






Champlain College is a school in Chittenden County, VT. 


Degrees Minutes Seconds:�Latitude: 442828N�Longitude: 0731227W 


�
�
Decimal Degrees:�Latitude: 44.47444�Longitude: -73.2075 


 �
�









Newton Free Public Library is a building in


 Middlesex County, Massachusetts. 


Degrees Minutes Seconds:�Latitude: 422011N�Longitude: 0711226W �
� INCLUDEPICTURE  \d "http://www.lat-long.com/img/1x1.gif" \* MERGEFORMATINET ����
Decimal Degrees:�Latitude: 42.33639�Longitude: -71.20722 �
�
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